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ABSTRACT: A local probability of slope stability analysis was made for 
an open pit mine by introducing geostatistics into the key block 
theory. Indicator kriging was employed to develop a localized proba- 
bilistic cell-block model of joint systems observed in the pit. The 
kinematic analysis of wedge failure was applied to the joint system 
model and a full probability of slope failure in each cell-block or 
local area was obtained by the stochastic simulation method over the 
random samples of the Latin Hypercube sampling. Comparing with the 
stochastic probability of slope failure and the deterministic failure 
analysis based on the global sample data and its mean attitudes, 
respectively, the localized probability of failure marked a significant 
improvement in the slope stability analysis. It is specially true when 
the local probability was obtained in the early stages of design and 
site exploration, when only sparse sample data is available. This 
approach is equally applicable to underground structures such as 
tunnels, storage caverns, and waste repository sites. 

1 INTRODUCTION 

Since geostatistics was introduced in mining engineering in 1962 
(Matheron 1962), its application was diversified into many fields in 
geotechnology including geohydrologic and hydraulic modeling, air and 
ground water pollution, reservoir engineering, geophysics, soil 
mechanics, soil science, forestry inventories, oceanography, etc. 

However, practical geostatistics applications to rock mechanics have 
been limited to a very few cases; spatial variability analysis and 
charcteristic modeling of rock joints (Miller 1979, LaPointe 1980), 
soil compaction analysis (Soulie 1983), estimation of regional average 
input parameters for slope stability (Carosso, et al. 1987) and 
prediction of fault fractures in coal seams (Burger 1985). In these 
geostatistics applications, the joint orientation was regionalized as a 
scalar variable by separating dips from dip directions and their 
independency was generally ass•ned. 

Recently the directional data or vectorial variables were directly 
regionalized and geostatistics was extended to study the joint orienta- 
tions (Young 1987a, Young 1987b). Therefore, geostatistics such as 
ordinary kriging (OK), indicator kriging (IK) or mononodal kriging, is 
applicable to both scalar and vectorial random variables in geotech- 
nique. OK was employed to generate a completely localized cell-block 
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model of rock joint systems in geological formations (Young and Hoerger 
1986). The joint model by OK gives the average values of parameters 
for each cell-block and can be applied for the local slope stability 
analysis by using the key block theorem (Hoerget and Young 1987). The 
quality of the OK model for rock joint systems was cross-validated when 
the actual field data was compared to the OK estimates, and the 
corresponding local slope stability analysis demonstrated a significant 
improvement over the current key block analysis based on the mean 
attitudes of joint systems. 

To incorporate the intrinsic advantages of the probabilistic approach 
of joint analysis, that can be defined best in probabilistic terms, 
into the localized pit slope stability, IK was applied to model the 
rock joint systems in probabilistic terms, that is, the local proba- 
bilistic model of joints. The practical efficiency of kriging in IK 
joint modeling was enhanced through the mononodal kriging system, which 
was actually used to build the localized probabilistic cell-block model 
of rock joint systems (Hoerget and Young 1986). The IK model precision 
was verified well from the comparison of the local experimental sample 
histogram distribution with the predicted histogram of the IK model. 
An important advantage of IK modeling of joint orientations is its non- 
parametric approach to define the three-dimensional distribution on the 
spherical surface when the joint pole is projected on the reference 
hemisphere. Also, the IK model of joints can be constructed at the 
early stages of design and construction of geotechnical structures, 
when only sparse sample data is available. A complete set of joint 
parameters was modeled by IK for the application of stochastic ground 
water flow modeling and geostatistical risk assessment for radionuclide 
transport modeling (Young and Hoerget 1987). 

Considering many characteristics of rock joints that are best 
described in probabilistic terms, there are intrinsic advantages in 
geotechnical approaches that directly employ the relevant statistical 
distributions (Baecher, et al. 1977, Warburton 1980). Also, the 
spatial variability of joint parameters is a pertinent phenomena 
observed in the field and its incorporation with the joint modeling was 
emphasized recently to improve the model quality and corresponding 
geotechnical analysis (Young and Hoerget 1986, Hoerget and Young 1986). 

Consequently the ideal model of joint systems in a rock mass is the 
localized probabilistic model and the realistic geotechnical analysis 
of rock structures is a probabilistic approach made on the model, which 
will yield local structural stability in terms of the probability of 
failure. This key question, the localized probabilistic analysis of 
the pit slope, was solved by combining the local probability model of 
rock joints and the current key block theorem. 

In this paper a localized probabilistic model of joint systems in an 
open pit porphyry copper mine was developed by geostatistics using 
mononodal kriging. The model consists of local cell-blocks which rep- 
resent small slope areas within the pit. For each cell-block the full 
distribution of joint orientations in joint sets was estimated by 
kriging, which incorporates the spatial variability into the estimation 
and minimizes the estimation variances. The estimated statistical dis- 

tribution of joint orientations within a cell-block provides the input 
model for the stochastic simulation of kinematic slope stability, from 
which the local probability of kinematic slope failure is calculated. 

As discussed in the conclusions, the local probability analysis of 
kinematic failure is general and is applicable equally well to under- 
ground structures such as large storage caverns, powerhouses or nuclear 
waste repository structures. Also, the local probabilistic model of 
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joint systems could be applied to carability analysis and blasting 
fragmentation. 

2 JOINT SURVEY DATA 

An extensive statistical analysis was made on a total of 939 joint 
survey data taken by the cell mapping technique from the open pit, and 
presented in other papers published previously (Young and Hoerget 1986, 
1987). 

When pole vectors were projected on the upper reference hemisphere, 
three joint sets were identified, namely East, South and North sets, 
and separated by the FRACTAN computer code (Shanley & Mahtab 1975). 
The stereonet plot and cell mapping sites are shown in Figures 1 and 2, 
respectively. Additional statistics on those joint sets were 
sun•marized in Table 1, which was computed using the experimental 
distribution of joint poles plotted on Grossman's tangent plane 
(Grossman 1985). 

The experimental pole histograms were built using the 60 quadri- 
lateral class interval areas resulting from slicing concentric ellipses 
on Grossman's tangent plane into 12 sectors and 5 rings as shown in 
Figure 3 and Figure 4 for joint sets East and South, respectively. The 
relative frequency was accumulated along each sector in these histo- 
grams and it revealed a smooth and syn•netric distribution around the 
mean attitude (the center of the concentric ellipses). It seems like a 
bivariate normal type of distribution but no attempt was made to test 
its normality. The results of this study are in no way dependent upon 
the data being from any type of distribution. The radius of each ring 
used in the experimental histogram is the same as that of the indicator 
variables in Table 2. 

3 GEOSTATISTICAL MODEL OF JOINTS 

The applicability and capability of indicator kriging for joint model 
development were proved well in previous articles (Young 1987b, Hoerget 
and Young 1986). Therefore, IK is a proven tool to build probabilistic 
models of joints and no further tests on its reliability will be 
necessary in this paper. 

The indicator variable of pole vectors was defined based on the 6- 
sector by 5-ring cutoff system, which is similar to the experimental 
histogram of global data in Figures 3 and 4. The exact size of these 
30 quadrilateral class interval areas were described in Table 2. 
Further details of indicator kriging and corresponding geostatistics 
are referred to in previous publications (Journel 1983, Young 1987b, 
Hoerget and Young 1986). 

The raised indicator variograms for three joint sets are fitted well 
by spherical models and their parameters are given in Table 3. As an 
example , the raised indicator variogram for the 1-sector of the joint 
set South was shown in Figure 5. This raised variogram is almost 
identical to those of other sectors and also very close to the raised 
indicator variograms of other joint sets (see the variogram model 
parameters in Table 3). 

The actual indicator kriging to estimate the local statistical 
distribution of joint orientations was carried out by mononodal 
indicator kriging, which makes the IK process easy and efficient for 
multivariate kriging systems (Lemmer 1984, 1986). The raised indicator 
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variogram was employed in place of the mononodal variogram for the IK 
system used in this work. Then, only one kriging matrix system is 
enough to krige the entire set of class interval areas rather than 30 
kriging systems for 30 interval areas. By repeating the IK process for 
each joint set and every local cell-block, a localized probabilistic 
model of joint systems for the open pit mine was generated completely. 

Finally the local probabilistic model of the three joint systems 
observed in the pit was developed completely and was ready to apply for 
the corresponding probabilistic slope analysis. 

4 PROBABILITY OF KINEMATIC SLOPE FAILURE (PF) 

In this paper only the wedge type of failure was studied to demonstrate 
how much the local probability analysis could improve the slope design 
technique. The wedges studied here were those formed by joint sets 
East and South. Other types of slope failures possibly developed by 
the three sets were not included but can be fully analyzed by repeating 
operations similar to this wedge analysis. 

The wedge failure criteria was defined kinematically as usual. 
Whenever the line of intersection of two joint planes is daylighted, a 
slope failure was assumed for the wedge (Goodman 1980, Hoek and Bray 
1981). 

4.1 The steepest safe slope angle •-cut) 

By using the mean attitudes of joint sets East and South, the steepest 
safe slope angle for kinematic wedge failure was computed for every 
local cell-block in Figure 1. The strike of the local pit slope within 
a cell-block was equal to that of the current pit wall and the input 
strike, and the output of these computations was summarized in Table 4. 
Thirty-six cell-blocks located in the northern half of the pit con- 
tained a potential failure wedge. In the southern half of the pit 
area, no potential failure wedge could be formed by East and South 
joint sets due to their lines of intersection plunging in the wrong 
directions. 

The steepest safe slope angle (a-cut) was used later in the 
probability analysis of kinematic slope failure at the critical 
condition. In other words, the probability of kinematic wedge failure 
was calculated at this a-cut angle for each cell-block. 

4.2 Probability computation 

The probability of kinematic failure for a wedge was calculated by the 
stochastic simulation technique, which was coupled with the Latin 
Hypercube sampling over the thirty quadrilateral class areas in 
Grossman's tangent plane (see Figures 3 and 4). Twenty random samples 
were taken from each quadrilateral class area by the Latin Hypercube 
sampling with the uniform distribution (McKay, et al 1979, McWilliams 
1987). Then, each of these random samples was paired with another 
random sample from a quadrilateral area of another joint set. A 
kinematic test was made on the pair of random joint data if the pair 
will form a daylighting wedge. If a potential failure wedge, one which 
daylights, was formed for a cell-block, the product of relative 
frequencies of those two quadrilateral areas are acc•ulated to the 
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failure probability of the cell-block. This process was repeated 
systematically for every random data within all of the quadrilateral 
areas of two joint sets. 

Therefore, the probability of slope failure obtained in this way was 
a weighted probability, weighted by the relative frequency of each 
quadrilateral class area, and the local characteristics of statistical 
distributions of joint orientations were effectively incorporated with 
the stochastic simulation of a wedge failure. This simulation was 
repeated for every cell-block to perform a complete local probabilistic 
analysis of kinematic slope failure for the pit. 

4.3 Full distribution of failure probability 

By varying the slope angle from zero to 90 , the full probability 
distribution of wedge failure was calculate• for each cell-block to 
investigate the efficiency of this local probabilistic approach. The 
strike of pit wall segments within local blocks was equal to that of 
the current pit and, for a given block, kept constant for the 
computation of the full probability distribution. 

Three cell-blocks were chosen randomly to illustrate the full 
distribution of probability for wedge failure, and they were plotted in 
Figure 6. Two types of probability of kinematic wedge failure were 
compared in Figure 6; PF (global) is the failure probability that was 
calculated based on the statistical distribution of global s•mple data 
(joint orientations in this case), and PF (local) is the other type of 
failure probability, which was calculated from the local statistical 
distribution of joint orientations estimated by the IK algorithm. 
Therefore, in the PF (global) computation, the same experimental sample 
distribution was applied to every local block in the pit and the local 
variation of sample values (joint orientation) was ignored completely. 
In the reality, however, the spatial variability of joint orientations 
cannot be tolerated in the slope analysis and its significant role was 
well demonstrated before (Hoerget and Young 1987). Contrasting to PF 
(global), the local variation of joint orientations and their 
statistical distribution around the mean attitude was incorporated in 
the PF (local) computation through the IK joint model. 

In general, both of th•m showed the same type of curve; smooth and 
s-shaped distribution, which was expected from the experimental histo- 
gram in Figures 3 and 4. In block no. 1, PF (global) was almost 
identical to PF (local) and PF was 52% at m-cut of 48.4 ø . However, PF 
(global) was different from PF (local) in both blocks no. 4 and 8. As 
the slope angle at PF = 50% was compared for block no. 4, 45.3 • and 
51.3 ø were observed from PF (global) and PF (local), respectively. It 
is equivalent to PF (global) = 53.5% and PF (local) = 36.0% at the 
•-cut = 47.2 ø . In other words, both the deterministic steepest safe 
angle (m-cut) and PF (global) underestimated the slope stability in the 
area of cell-block no. 4, as compared with PF (local). But this 
condition was reversed in block no. 18, where both PF (global) and 
m-cut overestimated the local slope stability. 

From the full distribution of PF (local)-curve the probability of 
slope stability can be obtained immediately for any local area at any 
slope angle and a full scale risk assessment can be made at any stage 
of pit design and operation. Consequently, the pit slope can be opti- 
mized at the early stages of mine design and construction periods as 
well as in the progressive mine planning during the operation period. 

275 



It was clearly shown here that the local variation of joint orienta- 
tions play an important role in the slope stability and the local 
probability of slope failure should be incorporated into any slope 
stability analysis and pit design. This will be confirmed again in the 
next section. 

4.4 Local Probability of Slope Failure 

The probability of kinematic wedge failure was calculated at the a-cut 
angle for each cell-block based on the localized probabilistic model of 
joint sets and denoted as PF (IK). Similarly the PF (sample) was 
calculated by using the global sample distribution at the a-cut angle. 
So, these PF's are comparable to PF (local) and PF (global) at the 
single slope angle of a-cut, respectively. Both PF (IK) and PF 
(sample) for those 36 blocks are given in Table 4 and the spatial 
distribution of PF (IK) in the plane map of the pit was shown in Figure 
7. PF (sample) is a classical approach of the stochastic simulation 
for the probabilistic slope analysis and, although non-parametric, 
similar to a statistical analysis of rock slopes in McMahon (1971). 

To make a comparative study between PF (IK) and PF (sample), the 
histogram of failure probability was plotted for local blocks in Figure 
8. PF (sample) yielded a marginal PF of 50% to every cell-block except 
one, block no. 22, which was located at the Northeast corner of the pit 
and whose a-cut was 82 ø . At this type of steep angle, the kinematic 
stability is very sensitive to the joint orientation and a slight 
change in orientation will alter PF drastically. Also, the marginal PF 
of 50% could be expected from the symmetric distribution of the global 
sample data histograms in Figures 3 and 4 as well as their mean 
attitude used in a-cut calculations. Therefore it could be said that 

the PF (sample) did not improve the stability analysis over the 
deterministic method used currently, although it gives the slope 
stability in probabilistic terms. 

As compared to the PF (sample) block histogram, PF (IK) draws a 
distinctively different histogram, which spreads over a wide range of 
PF between 25% and 80%. Only 17% of a total of 36 cell-blocks showed 
the marginal 50% of PF by the PF (IK). Fifty percent of the 36 blocks 
had a higher PF than the marginal PF and the remaining 33% showed a PF 
lower than the marginal probability. 

This clearly indicates that the local variation or spatial 
variability of joint orientations plays a significant role in the slope 
stability, and the local probabilistic approach should be applied to 
achieve an effective slope analysis and open pit mine planning. By 
accepting the reliability of the joint model developed by IK, which was 
verified in previous articles (Young 1987b, Young and Hoerget 1987), 
the local variation of joint parameters cannot be ignored in any slope 
stability analysis. It is an important improvement in slope design in 
general and should be applied to field geotechnical work in the future. 

The spatial distribution of PF (IK) plotted in Figure 7 indicates 
cell-blocks of higher and lower PF's than the marginal 50%. Regional 
zones of higher and lower PF's were formed and zones were scattered 
throughout the pit, randomly, but it was noticed that block PF's were 
not scattered randomly in the pit, showing that the analysis can 
identify local stability trends in the mine. It means that the 
regional pit slopes can be optimized and local risk assessments can be 
achieved from the PF (IK)-analysis. 
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5 CONCLUSIONS AND DISCUSSION 

1. The most important conclusion, in general, which could be drawn 
from this work is that the localized probabilistic stability analysis 
for geotechnical structures can be made at the early stages of engi- 
neering design and construction, when only sparse sample data is avail- 
able. It leads to the optimum design of geotechnical structures, opti- 
mum in their relative locations and orientations with other peripheral 
structures, and their shapes and sizes. This is achievable through the 
geostatistical model of characteristic parameters of rock masses. 

2. As comparing PF (IK) and PF (sample), the local probabilistic 
analysis of pit slopes is more powerful to draw a detailed and 
realistic picture of slope stability conditions. The local variation 
of joint orientations played an important role in the slope stability 
and should be included in slope design and construction. Also a 
localized full scale risk assessment can be made from PF (IK) and the 

pit design and operation can be optimized progressively. 
3. The procedure used in this local probability analysis is 

applicable equally well to underground structures such as tunnels, 
storage caverns and nuclear waste repository facilities. No further 
work or modification is required for underground structural analysis 
because the cell-block model and key block theorem are common to both 
pit slopes and underground structures. 

4. Geostatistics contributed significant improvements into the 
modeling of rock joint systems (or site characterizations) for 
geotechnical structural analysis. The spatial variability was fully 
incorporated in this modeling and the characteristic model parameters 
were localized. The non-parametric approach by IK simplified the 
modeling of three-dimensional probability distributions of pole vectors 
projected on the reference sphere. Otherwise, the local probability 
distribution of poles will never be achievable from the sparse sample 
data available at the early stages of engineering design. The 
mathematical probability density function (pdf) for directional data 
projected on a sphere is little known and a non-parametric approach has 
been desirable for a long time. Even though the mathematical pdf is 
available, the sample data available at the early stages will never be 
enough to describe the local statistical distribution. 

5. Both non-conditional and conditional simulation techniques for 
joint modeling could be considered in the place of IK modeling. 
However, the probabilistic model has intrinsic advantages to obtain 
geotechnical analysis in probabilistic terms, where a full simulation 
should be made on natural phenomena that can be best described by 
statistical distributions. 

6. Geostatistics is general and applicable to any characteristic 
parameters of physical properties for geotechnical materials such as 
strength values, elastic or plastic constants and flow parameters. 
Therefore, local probabilistic models of these parameters are readily 
available from geostatistics and corresponding geotechnical analysis 
can be made in terms of the probability as seen here. Considering the 
dispersion of these geotechnical parameters around their mean values as 
well as their spatial variations, the local probability analysis is a 
natural choice for various geotechnical fields in the future. 

As has been done in stochastic flow modeling, for example, numerical 
analysis in rock mechanics, which is currently a deterministic method, 
could be modified into a probabilistic method in the future by using 
the probabilistic model. This will portray the structural stability in 
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realistic terms and provide a chance of full-scale risk assessment 
before the construction of geotechnical structures. 

7. The stochastic analysis based on the global sample data distribu- 
tion did not improve the overall picture of slope stability conditions 
over the deterministic analysis by using sample mean attitudes, 
although it yielded a probability of slope failure over a full range of 
slope angles. 
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Table 1. Statistics of joint sets. 

Joint set Mean attitude of •oles Standard deviation m 
Co-lat. Co-long. Major Minor 

East 15.29 91.64 0.353 0.23q 
South q0.82 190.30 0.35? 0.26? 
North 19.q8 353.0q 0.358 0.162 

*Measured on Grossman's tangent plane. 

Table 2. Dimension of class interval areas (6 x 5 = 30 
quadrilateral areas) measured on Grossman's tangent plane for 
indicator variables. 

Ring No. 1 2 3 q 5 

Radius in o's* 0.0 0.8 1.1 1.5 1.9 
Sectors 60 radial sectors commenced from o-minor 

mo = standard deviation. 

Table 3. Spherical variogram model parameters 
for raised indicator variography. 

Joint Set Nugget Sill Range (m) 

East 0.16 0.25 250 
South 0.17 0.25 250 
North 0.16 0.25 250 
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Table 4. Local probability of kinematic wedge failure and input 
parameters: S-E joint sets. 

Cell- Strike of s-cut At s-cut s-cut 

block cut slope (deg) PF(sample) PF(IK) PF(IK/mean) (IK/mean) 
no. used (deg) (%) (%) (%) (deg) 

1 149.0 48.4 52.6 52.0 49.6 47.04 
2 153.0 47.9 53.6 34.6 43.6 53.26 
3 158.0 47.4 52.5 36.9 48.1 52.81 
4 167.0 47.2 53.5 36.0 48.0 51.27 
5 182.0 48.5 53.3 53.3 49.9 46.46 
6 136.0 51.0 51.9 54.3 48.4 48.45 
7 138.0 50.5 52.7 41.6 45.1 52.07 
8 152.0 48.0 52.7 47.6 50.4 48.66 
9 155.0 47.7 53.0 59.7 53.7 45.78 

10 174.0 47.6 53.5 70.7 51.5 41.02 
11 199.0 52.5 53.0 56.4 50.1 48.21 
12 209.0 56.3 52.2 57.6 54.9 52.86 
13 207.0 55.4 51.9 46.5 49.4 57.58 
14 129.0 53.2 52.2 62.2 51.8 48.43 
15 137.0 50.8 52.5 29.4 44.9 57.95 
16 143.0 49.4 52.7 58.3 51.7 47.47 
17 151.0 48.1 52.5 63.7 52.6 44.44 
18 175.0 47.6 52.8 70.4 51.9 42.07 
19 202.0 53.5 52.4 54.7 52.0 51.92 
20 205.0 54.6 52.1 54.0 48.0 51.54 
21 211.0 57.2 51.9 57.5 50.8 50.27 
22 246.0 81.7 48.3 64.5 49.2 69.45 
23 98.0 70.2 52.3 67.7 53.6 62.58 
24 103.0 66.6 52.4 60.3 48.2 60.72 
25 129.0 53.2 52.6 54.8 49.6 50.34 
26 148.0 48.5 52.7 48.3 54.8 52.03 
27 184.0 48.8 53.6 56.2 52.4 47.15 
28 210.0 56.8 51.7 61.9 52.7 49.62 
29 214.0 58.7 52.1 41.6 52.1 63.30 
30 221.0 62.6 50.5 40.0 49.3 66.98 
34 82.0 83.6 51.7 65.4 51.4 72.46 
35 84.0 81.8 52.2 75.6 51.9 69.50 
36 86.0 80.1 52.2 72.4 52.0 71.98 
37 118.0 57.8 52.0 46.3 47.7 58.83 
38 203.0 53.9 53.0 60.3 49.4 47.85 
39 212.0 57.7 52.4 39.8 46.1 60.12 

S-cut = steepest safe slope angle by the mean attitude 
PF(sample) = probability of kinematic slope failure based on the 

global sample data 
PF(IK) = probability of kinematic slope failure based on the local 

probabilistic model by IK 
•-cut(IK/mean) = steepest safe slope angle by the mean attitude of IK 

estimates of local pole distribution. 
PF(IK/mean) = probability of kinematic slope failure at s-cut (IK/ 

mean) based on the local probabilistic model by IK 
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Fig. 1. Contours of poles projected • • 
on a stereonet. • 

o 

0.30 

0.25 

0.20 •, 

FiE. 2. 

0.15 

0.10 

0 200 400 m 
Distance 

6f6.00 

o o 

NORTH (METERS) 
e•4.00 COl.00 e4o.oo 

-10 
6,46.( 

I 

Location map of 939 samples and 
67 cell-blocks in the pit. 

Fig. 5. Raised indicator 
variogram for 
sector-1 of South 
set. 

Fig. 3. Experimental histo- 
gram of East joint 
set. 

Fig. 4. Experimental histo- 
gram of South joint 
set. 
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Fig. 6. Full distributions 
of PF's for three 
cell-blocks. 
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Fig. 8. Histogram of PF for cell- 
blocks. 
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Fig. 7. Spatial 
distribu- 

tion of 

PF(IK) in 
the pit. 
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